We study a Killing spinor type equation on spin Riemannian flows. We prove integrability conditions and partially classify those flows carrying non-trivial solutions.
derivatives of the spinor field to behave differently along the leaves and along the orthogonal distribution of the foliation respectively, see Definition 3.1. There are several motivations for this study. Historically those spinor fields first appear in the limiting case of an eigenvalue estimate proved by B. Alexandrov, G. Grantcharov and S. Ivanov for the Dirac operator on compact Riemannian spin manifolds with a parallel 1-form [1, (8) ]. On the other hand, they stand for the most natural tools in the study of the spectrum of the Dirac operator on submersions over real space forms [14, 15] .
The paper is organized as follows. First we recall basic facts on spin Riemannian flows and we prove integrability conditions for flows admitting non-zero transversal Killing spinors, see Theorem 3.4. It should be noticed that the resulting geometric conditions hold up to homothetic deformations of the metric along the leaves (see Lemma 3.3) . We then describe in Proposition 3.6 important examples of Riemannian flows carrying transversal Killing spinors, which arise as submersions over manifolds with Killing spinors. In Sect. 4, we translate the results of Theorem 3.4 into the Sasakian setting. This imposes geometric conditions on the manifold, such as η-Einstein (see Proposition 4.1). Moreover, we show that transversal Killing spinors can be related to classical ones, see Proposition 4.3. As an example, we describe all transversal Killing spinors on the Berger spheres (here beware of our definition of Berger spheres, see Sect. 4.3). In the last section, we restrict ourselves to 3-dimensional Riemannian flows and we end with the classification of compact 3-dimensional η-Einstein minimal Riemannian flows carrying non-zero transversal Killing spinors.
Preliminaries
Throughout the paper the triple (M n+1 , g, F ) will denote an (n + 1)-dimensional Riemannian manifold endowed with a Riemannian flow F given by a smooth unit vector field ξ . That means, the integral curves of ξ are the leaves of F and for all Z, W orthogonal to ξ the relation holds (L ξ g)(Z, W ) = 0 [11, 22] where L ξ is the Lie derivative in the direction of ξ . Recall from this hypothesis, the endomorphism field h := ∇ M ξ (known as the O'Neill tensor [20] ) of the normal bundle Q = ξ ⊥ is skew-symmetric w.r.t. the induced metric g.
Hence, one may associate a 2-form to h on Q through (Z, W ) := g(h(Z), W ) for all sections Z, W ∈ (Q).
Moreover, the normal bundle Q → M carries a natural covariant derivative ∇ defined for every section Z of Q by [24] a unitary isomorphism of Hermitian vector bundles (that we denote by the identity map ϕ → ϕ) M → Q if n is even, Q ⊕ Q if n is odd satisfying, for every Z ∈ (Q) and ϕ ∈ ( M)
• W.r.t. the Clifford multiplications "·" in M and " · Q " in Q respectively
if n is even,
• The Clifford action of iξ is given by
if n is odd.
• W.r.t. the spinorial Levi-Civita connections ∇ M on M and ∇ on Q one has [15, (2.4 
.7)]
In particular the covariant derivative ∇ is metric on M: if · , · denotes a natural Hermitian inner product on M, then X ϕ, ψ = ∇ X ϕ, ψ + ϕ, ∇ X ψ for all X ∈ (T M) and ϕ, ψ ∈ ( M). It also follows from (2) that the Clifford action of ξ is ∇-parallel: ∇ X (ξ · ϕ) = ξ · ∇ X ϕ for every X ∈ (T M) and ϕ ∈ ( M). Therefore, if one defines + M and − M by
then M splits into the orthogonal and ∇-parallel direct sum M = + M ⊕ − M. Furthermore both + M and − M have the same rank since they are exchanged by the Clifford action of any non-zero section Z ∈ (Q). In the case where n is even, one has ± M = ± Q, however in the case where n is odd ± M never coincides with one of the two copies of Q hence with one of the eigenspaces ± M of the Clifford action of the complex volume form of M.
In the following almost all Riemannian flows under consideration will be minimal, i.e., κ = 0. More precisely, we shall mainly deal with the following families of Riemannian flows, which of course are not disjoint from each other: the case where ξ is the fundamental vector field of a free isometric S 1 -action with totally geodesic orbits, the case where ξ is parallel, corresponding to local Riemannian products of a one-dimensional manifold with an n-dimensional one (this is also equivalent to κ = 0 and h = 0), and the case where ξ is the Reeb vector field of a Sasakian manifold Definition 2.1 A Riemannian manifold is called Sasakian if and only if it is a Riemannian flow (M n+1 , g, F ) satisfying (i) κ = 0, i.e., the flow is minimal, (ii) h 2 = −Id Q , i.e., h is an almost-Hermitian structure on Q, (iii) ∇h = 0, i.e., h is parallel on Q (hence is a Kähler structure on Q).
It can be easily checked that this definition is equivalent to the usual one, where one requires ξ to be a unit Killing vector field satisfying
for all X, Y ∈ (T M). From Definition 2.1 the normal bundle Q of any Sasakian manifold carries a canonical Kähler structure. In particular such a manifold is always odddimensional. We shall from now on denote m := n 2
. In the following we shall also omit to write F for the flow and consider a Sasakian manifold as a triple (M 2m+1 , g, ξ). If now a Sasakian manifold M is spin, then the Clifford action of the 2-form (which is then the Kähler form of Q) splits M into the following orthogonal and ∇-parallel decomposition [17] :
where r M is the eigenbundle associated with the eigenvalue i(2r − m) of for every r ∈ {0, . . . , m}. W.r.t. the Clifford action of iξ one has + M = r even r M and
r Id r M [13] . Moreover, the subspaces 0 M and m M can be characterized by the property that for all Z orthogonal to ξ we have
Replacing the metric by a positive scalar multiple of it obviously preserves the structure of Riemannian flow. There exists however a less trivial type of flow-preserving deformations of the metric that we will need in the next sections and which are called 
The proof of Lemma 2.3 consists of elementary computations and identifications that we leave to the reader.
Transversal Killing spinors

Definition
We generalize in some sense the Killing spinor equation (see e.g. [7, 16] for references on that topic) to the set up of Riemannian flows. 
If α = 0, then ψ is called a basic β-Killing spinor (see also [15] ), and if α = β = 0 it is called basic parallel or transversally parallel spinor.
First note that an (α, β)-transversal Killing spinor is a parallel section of M w.r.t. the covariant derivative ∇ defined by
for all X ∈ (T M) and ϕ ∈ ( M). Hence if an (α, β)-transversal Killing spinor vanishes at one point it vanishes everywhere on M.
, then ξ · ψ is an (α, −β)-transversal Killing spinor. Therefore β can always be changed into −β, independently of the dimension or the orientation of the manifold. This is in general not possible for α, see e.g. Notes 4.9. 2. Let ψ be an (α, β)-transversal Killing spinor and ψ = ψ + + ψ − its decomposition w.r.t.
the Clifford action of iξ (i.e., iξ · ψ ± = ±ψ ± ). Then ψ ± satisfies ∇ ξ ψ ± = αξ · ψ ± and In the following subsections we want to characterize those Riemannian flows that admit non-trivial (α, β)-transversal Killing spinors. The following lemma follows straightforward from Lemma 2.3. 
and for every Z ∈ (Q),
Furthermore, one has
Proof Plugging (5) in (2) gives with the use of (1) 
By the fact that the torsion of ∇ M is zero we get from (1) 
We deduce that
On the other hand since
and, still using (1),
Moreover by the vanishing of the torsion on M we get
Recalling that from its definition satisfies (ξ, ·) = 0 one can compute the Clifford action of ∇ M and find that for every Z ∈ (Q),
We can hence rewrite
Applying [16, p. 156] for the local orthonormal frame {e j } 1≤j ≤n+1 of T M with e n+1 = ξ we obtain
This shows the second identity of Theorem 3.4. On the other hand
This shows the first identity of Theorem 3.4. We compute now the action of the scalar curvature of M:
This shows the third identity and achieves the proof of Theorem 3.4. 
where ψ is the (α, β)-transversal Killing spinor on M. Taking the Hermitian product with ξ · ψ and identifying the real parts one obtains 0 = −8nαβ|ψ| 2 . Since ψ does not vanish identically we deduce that αβ = 0.
Examples of transversal Killing spinors
We construct a first important family of examples of Riemannian flows with transversal Killing spinors. Recall for the next proposition that the unit circle S 1 carries two different spin structures, the trivial one that we call (δ = 0)-spin structure and the non-trivial one that we call (δ = 1)-spin structure. We also recall that a β-Killing spinor on a Riemannian spin manifold N n is a section ψ of N satisfying
for every X ∈ (T N). If a non-zero such spinor field exists, then N n is Einstein with scalar curvature 4n(n − 1)β 2 (see e.g. [16, Proposition 5.12] or [7] ), hence β must be either real or purely imaginary. The classification of the Riemannian spin manifolds with non-trivial β-Killing spinors was achieved in [4, 6, 25] . 
for every X ∈ (T N). Besides a spinor φ on M is projectable on N if and only if
Since ψ is a β-Killing spinor on the base manifold N , then we deduce from Lemma 3.7 that it satisfies
Note that in the case n odd we identify ψ as a section of the first component Q of M. This shows i. Assume now that M := R × N and β = 0. For any α ∈ C we set
where, if n is even, ψ = ψ + + ψ − is the decomposition of ψ w.r.t. the Clifford action of iξ , see above. We check that, under the hypotheses of Proposition 3.6, the spinor φ is an (α, 0)-transversal Killing spinor on M. We just describe the case n even, the case n odd being completely analogous. Since ψ + and ψ − are parallel, as a consequence of ψ being parallel, then for all Z ∈ (Q) we deduce ∇ Z φ = 0 which is βξ · Z · φ. Moreover
hence φ is an (α, 0)-transversal Killing spinor. Finally, let M := S 1 × N , where S 1 carries the (left-, right-or bi-)invariant metric for which Length(S 1 ) = L > 0 and the δ-spin structure (where δ ∈ {0, 1}). If α is real, then the spinor φ constructed above on R × N satisfies the equivariance condition φ ( can we have a 2-dimensional space of ±1-Killing spinors on CP 1 . We deduce from Proposition 3.6 that S 3 carries a 2-dimensional space of (0, ±1)-transversal Killing spinors.
More generally, every lens space Z k \ S 3 with its canonical metric and its trivial spin structure is also a S 1 -bundle with totally geodesic fibres over CP 1 , therefore it admits a non-zero (0, ±1)-transversal Killing spinor. The (homogeneous) quotient M r := r \G is a compact 3-dimensional manifold called a Heisenberg manifold. It carries a two-parameter family of left-invariant Riemannian metrics which make it into a Riemannian S 1 -principal bundle with totally geodesic fibres over a flat two-dimensional torus T 2 := rZ ⊕ Z \ R 2 [3] . Fixing a flat metric and the trivial spin structure on T 2 we have a 2-dimensional space of parallel spinors on T 2 . Hence it follows from Proposition 3.6 that, for the induced metric g and the induced spin structure on M r , there exists a 2-dimensional space of (0, 0)-transversal Killing spinors on (M r , g ). This has been already proved by G. Habib in [15] where the author performs a direct computation. 6. Let M := PSL 2 (R) be the universal covering of the projective special linear group of R 2 . It can be identified with the unitary tangent bundle (or, equivalently, the bundle of positively-oriented orthonormal frames) UH 2 of the hyperbolic plane H 2 . Fixing the canonical metric and spin structure on H 2 we have a 2-dimensional space of ±i-Killing spinors on H 2 . From Proposition 3.6 we deduce that, for the induced metric and spin structure on M we have a 2-dimensional space of (0, ±i)-transversal Killing spinors on M. 
Transversal Killing spinors on Sasakian manifolds
Proof Since on a Sasakian manifold κ = 0 and ∇h = 0, we first deduce from Note 3.5 that αβ = 0. The identities proved in Theorem 3.4 then simplify to r+1 iψ r for every r ∈ {0, . . . , m} that
We consider two cases:
• If α = 0 then coming back to the first equation in (6) we obtain
is η-Einstein and (ii) is proved.
• If α = 0 then β = 0 and one obtains from (7)
for every r ∈ {0, . . . , m} for which ψ r does not vanish. If there is more than one such r, say r , then one has in particular (−1) 2) , from which one deduces that r + r = m. Therefore such an r must then be unique (equal to m − r) and m should be odd. We have proved (i).
As for the Ricci tensor on Q in that case, we have the equation
for every Z ∈ (Q) and every r ∈ {0, . . . , m} for which ψ r does not vanish. Taking 
Killing vs. transversal Killing spinors
We now establish a relation between transversal and "classical" Killing spinors on Sasakian manifolds. Recall that a D-homothetic deformation of a given metric g on a Riemannian flow (M, g, F ) is a metric of the form g t := t 2 g | Rξ + tg | Q for some real number t > 0. Proof From Proposition 4.1 we know that αβ = 0. In the case where α = 0 and β = 0, it follows from the identities (6) [8] . If m = 1 and β = 0 then using (6) the transversal Ricci curvature vanishes and the manifold M is diffeomorphic to R 3 [9] . This shows (i).
Assume There are no other transversal Killing spinors on the Berger spheres as those that have already been constructed: this is the statement of the following proposition, of which proof is left to the reader. is the group of orientation-preserving isometries of a regular k-gon (resp. tetrahedron, octahedron, and icosahedron). Every such quotient endowed with the metric g induced by the standard metric on S 3 is of course again a Sasakian manifold. Moreover it is spin and carries a spin structure for which the space of 1 2 -Killing spinors on (M, g) is 2-dimensional resp. a spin structure for which the space of − In this section we assume that (M, g, F ) is a 3-dimensional Riemannian flow. We fix the orientation on Q induced by those of M and ξ (i.e., a basis {Z, W } of Q is oriented w.r.t. that orientation if and only if {ξ, Z, W } is oriented as local basis of T M).
A first consequence of the dimension of M being 3 is the existence of an almostHermitian structure J on Q defined in a local positively-oriented orthonormal basis {e 1 , e 2 } of Q by the matrix
It is easy to see that J is well-defined, i.e., doesn't depend on the choice of local basis of Q (this follows from the fact that SO 2 is Abelain). Furthermore, J is "Kähler" on Q, that is ∇J = 0 on M. Since h is a skew-symmetric tensor, one may write h as h = bJ for some smooth globally defined function b : M −→ R. We recall that the complex volume form that is,
